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1.  Introduction. 


The  Central  Limit  Theorem  and  the  stability  property  provide  the  basic 
reasons  for  regarding  stable  processes  as  a  natural  generalization  of  Gaussian 
ones.  As  an  analog  to  the  well-known  spectral  representation  of  stationary 
Gaussian  processes,  every  symmetric  a -stable  (SaS)  stochastic  process  with 
parameter  set  T  has  a  version  of  the  form 

(1.1)  X(t)  =  f  h(t,s)dM(s),  teT 


(cf.  [1],  [12],  [29],  [30],  [11]  and  the  discussion  of  the  history  of  (1.1)  in 
[9])  and  in  the  stationary  case  one  can  choose  t  -*•  h(t,‘)  as  an  orbit  of  a  grouo 
of  isometries  on  La  (see  [9]).  Here  M  is  an  independently  scattered  SaS 
random  measure  on  an  abstract  measurable  space  ($,A). 

There  are  two  special  cases  of  (1.1)  that  have  been  extensively  studied: 
harmonizable  processes  given  by 


(1.2) 


X(t)  = 


e1tsdM(s) , 


tclR 


(with  appropriate  modifications  if  t  runs  over  a  group)  (cf.  [10] t  [19],  [6], 
[17],  [2],  [23]  and  L32J)  and  moving  averages 


(1.3) 


X(t)  =  g(t-s)dM(s),  telR 


(cf.  [6],  [25],  [4]  and  [2]). 

In  this  paper  we  study  general  SaS  processes  given  by  (1.1).  They  are 
determined  by  two  quantities:  the  kernel  h  and  the  control  measure  m  of  M. 
In  contrast  with  the  approach  taken  in  [9]  and  [2],  which  relies  on  the 
properties  of  the  mapping  Tat  -*■  h(t,.)  e  La,  we  relate  path  properties  of  X 


with  properties  of  the  mapping  Sas  -*■  h(.,s)  c  FT(  tT)  which  plays  the  crucial 
role  here.  More  specifically,  we  are  concerned  with  processes  havinq  sample 
paths  in  a  separable  Banach  space  V(T)  of  functions  defined  on  T.  We  show 
that  the  kernel  h  in  (1.1)  admits  a  modification  with  all  sections  h(.,s)  in 
V(T)  (Section  5).  Therefore  we  may  always  replace  (1.1)  by 

(1.4)  X  =  h( . ,s)dM(s) , 

S 

where  en  the  right-hand  side  we  have  a  stochastic  integral  of  the  V(T)-valued 
function  s  -*  h(.,s).  Such  stochastic  integrals  of  Banach  space  valued  functions 
have  been  investigated  in  [26]  for  infinitely  divisible  random  mea¬ 
sures.  In  the  present  stable  case  the  construction  can  be  simplified  and  this 
is  done  at  the  beginning  of  Section  3.  Then  we  establish  the  relationship 
between  the  stochastic  integral  representation  of  stable  random  vectors  in 
Banach  spaces  and  the  series  representation  due  to  LePage,  Woodrooffe  and  Zinn  [13]. 

In  Section  4  we  use  some  ideas  of  Marcus  and  Pisier  [17]  and  an  adaptation 
of  Hoffmann-J0rgensen's  inequality  due  to  Gine  and  Zinn  [8]  to  obtain  bounds 
for  moments  of  the  norm  of  X(.).  We  also  introduce  a  complete  norm  on  the 
space  of  all  vector  valued  functions  f  for  which  /fdM  exists,  similar  to  Pisier's 
norm  for  CLT  [21].  Theorem  4.5  establishes  the  role  of  simple  functions  in 
the  series  representation  of  stable  random  vectors. 

In  Section  6  we  apply  the  results  of  Sections  5  and  4  to  characterize 
the  absolute  continuity  of  sample  paths  of  SaS  processes.  Earlier  the  absolute 
continuity  of  sample  paths  has  been  investigated  by  Cambanis  and  Miller  [3] 
in  terms  the  so-called  covariation  function,  only  for  the  case  a  >  1. 

Continuing  the  above  approach,  we  obtain  in  Section  7  definitive  bounds 
for  moments  of  a  double  a-stable  stochastic  integral.  We  also  oive  a  short  and 


new  proof  of  a  Fubini-type  result  which  allows  the  interchanging  of  stochastic 
and  usual  integration  (cf.  [4]  Theorem  4.6  and  [20]  Lemma  4.4). 


□  □ 
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2.  Preliminaries  and  notation. 

A  systematic  treatment  of  stable  measures  on  Banach  spaces  one  can  find  in 
Linde  [14]  and  we  shall  refer  to  this  book  for  basic  definitions  and  facts.  The 
characteristic  functional  of  an  SaS  p.m.  y  on  a  separable  Banach  space  B  can  be 
written  in  the  form 


(2.1)  y(x')  =  exp(-  |<x,x'>|ada(x)), 

Jan 


x'  e  B1,  where  3U  is  the  unit  sphere  in  B  and  o  is  a  finite  symmetric  measure 
on  31).  o  is  uniquely  determined  by  y  and  is  called  the  spectral  measure  of  y 
(cf.  Theorem  6.4.4  [14]).  Further,  for  every  p  e  (0,a)  /B| |x| |pdy(x)  <  °°  and 
for  every  p,q  e  (0,a) 

(2.2)  (  ||x||Pdy(x))1/P  ~  (  I  i|x||qdy(x))1/q 

Jb  c  jb 


where  C  =  C(a,p,q)  (we  shall  write  L  ~  R  if  C”  R  <  L  <  CR  and  C  =  C(a,b,...) 

C  ~  ~ 

means  that  a  positive  constant  C  depends  only  on  parameters  a,b....).  If  y 


is  given  by 


u(x 1 )  =  exp  (- 


|<x,x'>|ada0(x)). 


x'  c  B',  where  aQ  is  a  (non-necessary  symmetric)  Borel  measure  on  B,  which  is 
o-finite  on  BMO},  then  fv\ |x|  |ado  (x)  <  °°  and  for  every  p  e  (0,a) 

\j  0 


(2.3) 


([  !|x||ado n(x))1/a  <  C(f  !|x||pdu(x))1/p, 

Jb  0  _  'B 


where  C  =  C(a,p)  (cf.  Proposition  6.4.5  and  Corollary  7.3.5  in  [14]). 

Let  A  be  a  iS-ring  of  subsets  of  a  non-empty  set  S  (i.e.  a  rinn  that  is 


,  r.  /. 
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closed  under  countable  intersections).  A  stochastic  process  {M(A):  A  e  A)  is 
said  to  be  an  SaS  random  meaiuAe  if 

(i)  for  every  sequence  {Af}  c  A  of  pairwise  disjoint  sets  with 

1)  An  e  A  the  series  l  M(An)  converges  in  probability  to  M(U  An); 

(ii)  M(A1),  M(A2),...are  independent,  provided  An  ^  A  are  pairwise 
disjoint; 

(iii)  M(A)  has  an  SaS  distribution  for  every  A  e  A. 

It  follows  that  the  characteristic  function  of  M(A)  can  be  written  in  the 
form 

E  exp  (it  M(A))  =  exp  (-m(A) jt|a) ,  t  e  F  ,  A  e  A, 

where  m  is  a  non-negative  measure  on  A.  m  is  called  the  contAol  mea-iuAe  of  M. 

The  existence  of  an  SaS  random  measure  M  with  a  given  control  measure  m 
follows  by  Kolmogorov's  Consistency  Theorem.  In  particular,  if  X(s),  s  ■>  0  is 
an  independent  stationary  increment  process  such  that  E  exp  (itX(s))  =  exp(-s|t|a) , 
then  M  defined  on  intervals  by  M((a,b])  =  X(b)  -X(a)  extends  to  an  SaS  random 
measure  on  the  6-ring  of  all  Borel  bounded  subsets  of  [0,°°)  with  the  Lebesque 
measure  as  the  control  measure,  (see  Prekopa  [22]). 

Throughout  this  paper  we  shall  assume  that  (S,A)  satisfies  the  following 
condition:  there  exists  a  sequence  (An)  c  A  such  that  u  An  =  S.  Then  every 
countably  additive  finite  measure  on  A  extends  uniquely  to  a  a-finite  measure 
on  o(A)  and  as  a  consequence  every  control  measure  of  an  SaS  random  measure  P 
is  the  restriction  to  A  of  a  a-finite  measure  m  defined  on  o(A).  To  avoid 
trivialities  we  shall  always  assume  that  m  is  not  zero. 

For  every  real  function  f  c  La(S,o(A),m)  the  stochastic  integral  /,.fdM  is 
defined  as  the  limit  in  Lp  of  integrals  of  simple  functions  and  satisfies 
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the  equality 

(E  |  |  fdM|p)1/p  =  C  (  ! f |0£dM)1/ot  , 

S  Js 

where  C  =  C(a,p),  p  <  a  (cf.  [1],  and  [29]).  If  B  is  a  finite  dimensional 
Banach  space,  then  for  f  e  Lg(S,a(A),m) 


(2.4) 


I  Pj 1/P 


jf||adm)1/a  , 


where  C  depends  on  a  and  p  and  additionally  on  dim  B  and  ||*||.  Banach  spaces  in 
which  (2.4)  holds  for  all  simple  functions  with  a  universal  constant  C  (and 
thus  /<.fdM  can  be  defined  for  all  f  e  Lg)  have  been  characterized  by  Marcus 
and  Woyczynski  [18].  This  is  the  class  of  spaces  of  stable  type  a,  including 
in  particular  Hilbert  spaces  and  Lp-spaces  for  p  >  ct  (see  [14]  for  further 
references) . 


3.  Stochastic  integral  and  series  representation  of  SaS  random  vectors  in 


Banach  spaces. 

Let  M  be  an  SaS  random  measure  on  (S,A)  with  the  control  measure  m.  Let  [?™p^e 

D 

be  the  space  of  all  simple  measurable  functions  f:  (S,o(A))  -*•  (B,  Bore!  (B)) 
such  that  {s:  f(s)  ^  0}  e  A.  As  usual  functions  equal  m-a.e.  are  indistinguish¬ 
able.  For  every  f  e  [Simple^  f  =  Ex. I.  ,  x.  +  0,  A.  e  A  we  set 

D  J  J  J 

f  fdM  =  Ex.M(A.) 
j  J  J 

S 

and 


(3.1) 


(f)  =  (E 


fdM | |p)1/p, 
S 


where  p  e  (0,a).  A  „  is  a  well-defined  quasi  norm  on  Lpinip1e 
a,p  c 

a  B-valued  SaS  random  vector  such  that 


Since  /fdM  is 


(3.2)  E  exp(i  < 

x'  e  B',  inequality  (2.3)  yields 


fdM,x 1 >) 


exp  (- 


I  <f(s) ,x ' > |adm(s) ) , 


(3.3) 


a,p 


(f)  >  C(f 


I  |f(s)| |a  dm(s))1/a 


S 


where  C  =  C(a,p).  Moreover,  by  (2.2)  A  ^  X  for  every  p,oc(0,a),  where  C=C(a,p,q). 

Ct  •  D  ^  PL  y  Q 

Let  Sg  be  a  completion  of  L^mp^e  in  In  view  of  (3.3)  Sg  can  be 

realized  as  a  linear  subspace  of  Lg  =  Lg(S,o(A),m)  as  follows: 


Sr  =  {f  e  Lr:  there  exists  {f  ,  c  pimple  such  that  f  -*•  f  in  Lp  and 
B  B  n  n- 1  B  n  B 

lim  X  (f  -f  )  =  0  for  some  (each)  p  f  (0,a)}. 

„  a,p  n  m 
n,m-*»  r 


By  (3.1)  the  mapping  f  ->•  /^ fdM  extends  to  an  isometric  injection  of  (Sg,x^  ) 
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into  Lg(ft,F,P).  Values  of  this  extension  are  also  denoted  by  /fdM  and  called 


the  stochastic  integral  of  f  with  respect  to  M. 


Because  of  the  lack  of  (2.4)  in  general,  the  stable  stochastic  inteoral  can 


not  be  defined  for  all  f's  in  LR(S,o(A),m)  and  SR  is  the  largest  subspace 


of  Lg  where  /fdM  is  defined  by  taking  limits  of  stochastic  integrals  of 


simple  functions.  Althouah  the  dependence  of  X  (f)  on  f  is  not  given 

a,p' 


explicitly,  this  is  a  useful  quasi-norm  which  can  be  effectively  estimated  in 


many  concrete  examples  of  B  (see  e.o.  Sections  6  and  7) 


We  shall  frequently  use  the  following  particular  case  of  Ito-Nisio  theorem 


for  Banach  space  valued  stochastic  integrals  which  was  proven  in  [26]. 


Proposition  3.1.  f  c  Sg  and  p  -  L(/fdM)  ifi  and  only  i {,  / [ <f ( s )  ,x'>|adm(s)  <  °° 


v'.i  event  x‘  f  B'  and  the  cytindnical  mea&ute  pQ  aiven  by 


uQ(x  ' )  =  exp  {-  |<f  (s)  ,x'>|adm(s) } ,  x'  e  B1, 


extendi  to  a  countably  additive  Bold  mea.su ic  p  on  b. 


As  a  consequence  of  the  above  proposition  every  SaS  p.m.  on  B  has  a  stochastic 


integral  representation  which  follows  from  the  following  (cf.  [26],  Theorem  6.7): 


Proposition  3.2.  I /fdM:  f  r  Sg}  is  a  closed  lineal  sub  space  o,^  L^(.P,  F  ,P) 


consi  stina  SaS  tandem  vectors.  I  f,  (S,A,m)  is  atomless,  then  f  L  { /  fdM):  f  <■  Sg} 


coincides  with  the  set  o$  all  S  <S  p.m.'s  on  B. 


We  shall  discuss  now  a  different  transformation  of  f  which  leads  to  the 


same  distribution  as  /fdM.  We  shall  consider  a  series  representation  of  stable 


random  vectors  due  to  LePaqe,  Woodroofe  and  Zinn  [13]  as  it  was  developed  by 


Marcus  and  Pisier  [17] 


Assume  that  m(S)  •'  ■>-  and  A  =  m(  A ) .  Let  ln.1  be  a  sequence  of  positive 
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i.i.d.  random  variables  such  that  P(nn  >  X)  =  e~\  X  >  0,  and  put  i\=ri.|  +...+n-. 

Let  {£,. }  be  an  i.i.d.  sequence  of  symmetric  random  variables  such  that 

E|f,.|a  =  1.  Let  { t  . }  be  a  sequence  of  independent  uniformly  distributed  random 
<J  J 

elements  in  (S,A,m),  i.e.  P(t.  c  A)  =  m(A)/m(S)  for  every  A  t  A.  We  assume  that 

all  the  sequences  { n - ) »  {£.)  and  {t.}  are  independent  of  the  others. 

J  J  J 

Let  f  e  S™  and  y  =  L(f  fdM) .  Then  for  every  x'  e  E' 

D 

E|<f(T.),x'>|a  =  [m(S)]'1  I  |<f(s),x'>ja  dm(s)  <  °° 

J  JS 

and  by  Lemma  1.4  in  [17]  the  series 

c(a)[m(S)]1/a  l  (r,)"1/ot  5  <f(x .) ,x'> 
j  =  1  J  J  J 

converqes  a.s.  to  a  real  SaS  random  variable  with  the  characteristic  function 
>s(t)  =  exp(-|t|a  f |<f(s),x’>|a  dm(s)),  where  c(a)  =  (/Qx"asin  xdx)"1//a. 

Since  4>( t )  =  u(tx')  and  the  sequence  (r.E-f(x.)}  is  sign-invariant,  Ito-Nisio 

J  J  J 

theorem  (see  e.g.  [16],  II. 4. 3.  and  II. 4. 4)  yields  the  a.s.  converqence  of  the 
series 

co 

(3.4)  >(f)  =  c(!x)[m(S)]1/ot  l  (r.)"1/a  f  f(x.) 

j=l  J  J  J 

and  L(S(f))  =  y.  Conversely,  if  (3.4)  converges  a.s.  or  in  P,  then  the  function 
x’  -*■  exp(-/|<f ,x 1  >|  ’dm)  is  the  characteristic  functional  of  1(f)  and  by 
Proposition  3.1.  f  c  Sg. 

We  summarize  above  in  the  following: 

Proposition  3.3.  Lei  m(S)  <  <»  and  A  =  a { A) .  Then  f  f  Sg  if  and  only  if 
F,(f)  converges  a.s.  or  in  P .  Moreover, 

L ( /fdM )  =  L( f ( f ) ) 


i 
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4.  Bounds  for  moments  of  an  SaS  stochastic  integral. 


To  obtain  the  first  proposition  we  argue  similarly  to  Marcus  [15]  and  to 

* 

Gine  et  al .  [7] . 

Since  F.  -+  0  a.s.  by  Kolmogorov's  SLLN,  we  get  that  E(f)  converges  a.s. 

J 

if  and  only  if 

(4.1)  A(f)  =  l  j'1AV  f(T.) 

j=l  J  J 

converges  a.s.  (see  (3.4)).  Moreover,  by  contraction  principle  we  have 

2_1/p[E  inf  (j/r,)p/a]1/p[m(S)]1/a(E||A(f)||P)1/p  < 

j  J 

1  (E||  E  (f)||PJ1/P  < 

21/p[E  sup  (j7r.)p/a]1/p[m(S)]1/a(E||A(f)||P)1/p, 

j  J 

where  C  =  C(a)  and  p  e  (0,a).  Since  E  inf  (j/r.)p^a  >  0  and  E  sup  (j/r.)p^a  <  °° 

j  3  j  J 

(see  [15]  and  [7]  respectively)  we  get 

Proposition  4.1 .  Let  m(S)  <  °°  and  A=o (A ) .  Then  f  e  S“  if  and  only  if,  A(f) 

p 

converge*  a.&.  and! on  in  Lg  foh  iome  [each]  p  e  [0,a).  Moreover, 

(E| |/fdMl |p)1/p  ~  [m(S)]1/a  (E||A(f)||P)1/p 
wheae  C  =  C(a,p),  p  e  (0,a). 

Let  us  note  that  even  on  the  real  line  A(f)  need  not  have  the  a-th 
moment  finite.  This  is  a  simple  corollary  to  Proposition  4.2  in  [5].  We 
shall  normalize  f  to  ensure  finiteness  of  all  moments  of  A(f). 


Let  xQ  be  a  fixed  point  on  the  unit  sphere  of  B.  For  every  f  e  Lg  we 
define  7(s)  =  f(s)/| |f(s) | |  if  f (s)  t  0  and  f(s)  =  xQ  otherwise.  We  define 
also  a  finite  measure  m^.  on  (S,a(A))  by  dny(s)  =  | jf(s) | |adm(s)  (m(S)  can 
be  infinite).  Let  be  an  SaS  random  measure  on  (S,a(A))  with  the  control 

measure  ny.  In  view  of  Proposition  3.1  f  e  Sg(S,A,m)  if  and  only  if 
f  e  L“  and  f  e  Sg(S,o(A) ,mf) .  Moreover 

(4.2)  L(  fdMKlf  TdMf). 

•>s  Js  T 


Let  (x.)  be  a  sequence  of  independent  uniformly  distributed  random  elements 
0 

in  (S,cr(A),mf)  i.e.  P{x!  £  A}  =  mf(A)/mf(S).  Let  {e..}  be  a  sequence  of  i.i.d 
random  variables  such  that  P{e.  =  -1}  =  P{e.  =  1}  =  1/2  and  independent  of 

J  J 

{xt},  By  Proposition  4.1  we  get 
J 

(E  ||  j  fdMf  ||P)1/P  ~  (fllfH01  dm) 1  /a(  E 1  |A(f)  |  |p)1/p. 


where  C  =  C(a,p)  and  A(f)  =  l  j"1/ae,f  (xt).  Since  sup  | | j"1/ae.?(xt) | |  =  1 

j=l  J  J  J  J  J 

A(f)  converges  in  Lg  for  every  r  >  0.  Using  Theorem  3.3  in  Pine  and  Zinn  [8] 

we  obtain  for  every  p  e  (0,a)  and  r  >  0 

(E||A(f)||p)1/p  -  1  +  (E  I!  I  fy\T  (x^)Hr)1/r, 

C  j=jQ+l  J  J 

•  “Id  vr 

where  C  =  C(p,r)  and  j  is  the  greatest  integer  not  exceeding  83  .By 
contraction  principle  we  have 

e  iii  r,Av  (T()nr .  e  ii  j  (yo-^v <^>ur 

j=0o+l  J  J  1=1 


>  2_1d  +  i  )'r/ot  E 1 1 A(f )  |  | r 
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and  clearly 


°o  _ 

e  ii  i  r/ae.  f(T;)ir  <2  e  iiA(f)nr. 

j=j0+i  J  J 


We  have  proven  the  following 


Theorem  4.2.  f  e  Sg  ifa  and  onJLy  i^  f  e  Lg  and  the  AeKieA 

®  *|  J  £  ^ 

conveKgeA  in  L„  6 ok  Aome  [each)  r  ^  0.  Mo-'ieove'i, 

J  3 

3=1 


a 


(E 


fdM| |P)1/P  ~  ( 
C 


IMI 


dm),/aO<E|II  0'1/“Ejf(Tf)||r)'/r] 
3=1  J  J 


wheKe  C  =  C(a,p,r),  p  e  (0,«)  and  r  >  0. 


We  shall  study  now  the  relationship  between  boundedness  and  convergence  in 
(4.1).  In  view  of  Proposition  4.1  this  will  give  us  an  additional  information 
about  Sp.  Let  m(S)  <  °°,  A  =  a ( A )  and  let 


bSp  =  bSp(S,A,m)  =  (f:  S  -  B:  sup  U  I  j'1^ 

B  8  n  j=l  3  J 


<  °°  a.s.) . 


According  to  Proposition  4.1 


sBa  =  Sg(S,A,m)  =  (f:  S  -  B: 


conv.  a.s.}. 


Obviously  Sg  c  bSg.  Let 


=  sup  (E  MI  3_1/ct  ^(tJ  MP)1/P  f°r  P  e  (0,a), 
a’P  n  3=1  J  J 


and  let 
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iifii  ,  -  sup  e  (ii  i  r'/a  t.  f(T  in  a  i). 

a,u  n  j=l  J  3 

It  is  standard  to  check  that  ||  ||a  g  is  a  complete  F-norm  on  bSg  as  well  as 
on  Sg.  Moreover,  by  Proposition  4.1  all  the  F-norms  ||  I la  p  are  eouivalent 
on  Sj,  p  e  [0,a). 

Lemma  4.3.  Fan  eveAy  f  €  bSg  and  p  e  (0,ot)  |'  |  f  |  |  ^  <  °°.  kion.zove.fi 

kca  i a 
bSB  c  LB- 


Proof.  Without  loss  of  generality  we  may  assume  that  B  =  C [0 , 1 ] .  Let 

{P. }  be  a  sequence  of  finite  rank  operators  on  B  with  ||Pk||  _<  1  and  such  that 

Pkx  •>  x  for  every  x  e  B.  Put  fk(s)  =  P^f { s ) ,  s  e  S.  Clearly 
n 

sup  ||  l  j"  /a  e.f.U.)  1 1  <  00  a.s.  for  every  k  and  since  dim  P.R  <  °°  the 
n  j=l  J  K  1  K 

°°  ,  . 

series  \  j  /a  E.  f,,(T.)  converges  a.s.  By  Proposition  4.1  f.  e  s“. 

j--]  J  K  J  K  D 


Since 


|  „  are  equivalent  on  there  exists  c  >  0  such  that 

ot,p  ^  B 


| |q| |q  p  <  1  for  every  g  e  Sg  with  I IpI la  g  -  £’  since  f  £  bSg  there  exists 
6  >  0  such  that  |  |<Sf  |  |q  q  _<  e.  Therefore  1 1 6f k |  |a  q  <_  e  For  every  k  and 
because  fk  eSg  ||6fk|la  0  <  1.  By  (3.3)  and  Proposition  4.1  (/|  1 6f k |  |adm)1,/a  < 
<  const  ]  1 6f ,  1 1  <  const.  Letting  k-™  we  net  ||f||  <  6-1<  00  as  well  as 

f\  |  f  |  |adm  <  00 . 


Corollary  4.4.  Sg  c  bSg  <=  Lg.  Fan  eveAy  p  <r  [0,a)  || 

Cl  ot 

F-nonm  on  bSg  at>  well  a&  on  Sg. 

Proposition  4.1  and  above  Corollary  give  the  following: 


-Lt>  a  complete 


_L  •-L. -v  _  • 


Theorem  4.5.  Sg  ii>  the  6m attest  clo6ed  6ub6pace  of  bSg  containing  all 

ct 

6imple  {unction*.  In  othen.  wond6  f  e  Sg  if  and  only  if,  fon  zvzay  e  >  0 
and  p  <  a  thzne  exiAtA  a  6imple  function  f  6uch  that 

E||  l  j‘17%(f  -  f£)(T.)||P  <  e 
j=l  J  £  3 

fon  all  n  e  IN 

Remarks: 

(a)  For  the  sufficiency  f  need  not  be  a  simple  function.  It  is  enouqh 

to  have  f  £  S® 
e  8 

(b)  bSg  =  s“  provided  B  does  not  contain  a  subspace  isomorphic  to  cq. 

(c)  bSg  =  Sg  =  Lg  provided  that  B  is  of  stable  type  a  (cf.  1.1BJ  and  Lemma 
4.3).  In  particular  these  equalities  hold  for  a  <  1  and  any  Banach  space  B. 

(d)  In  general  Sg  f  bSg  {  l“.  Indeed,  Sztencel  [31]  has  showed  that  for 
every  a  _>  1  there  exists  a  Banach  space  B  and  a  sequence  {xn)  c  B  such  that 
sup  E 1 1  z"  0.X.||P  <  °°  for  every  p  <  a  and  I?  ,8.x.  diveraes  a.s.,  where  {6.} 

pjljj  jljj  J 

is  a  sequence  of  i.i.d.  random  variables  with  E  exp(it0-|)  =  exo(-|t|a).  Let  M 

be  an  SaS  random  measure  on  Borel  subsets  of  the  unit  interval  and  with  the 

Lebesgue  measure  as  the  control  measure.  Put  fn  =  n  /a^j=ix j_i )/n  -j/nl 

Since  L(/if  dM)  =  L^1?  ,0.x.),  {f  }  is  a  bounded  seouence  in  s“.  Therefore 
un  j  - 1  j  j  n  D 

sup  /Q||fnl|adt  <  «>.  This  yields  c-1  =  I°^||x^||a  <  «o.  Let  {A..}  be  a  partition 

of  [0,1  J  such  that  |A^|  =  c 1 1 x 1 1 01  and  define  gk  =  Zj=-|(Xj/|  1  x ^  1 1  )I^  and 

J 

g  =  lim  g.  .  Since  L(/lg.  dM)  =  L(c17oiZ^_.0  .x .) ,  by  Proposition  3.1  and 
k-K»  K  u  K  3  i  3  J 

Ito-Nisio  theorem  q  l  Sg.  On  the  other  hand  gk  e  Sg  and  by  Proposition  4.1 


for  every  n  and  p  <  a 
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e  ii  E  iijj'1/05j9k(^)Hp 

J  * 

<  lim  inf  ||g.||P  <  C  1  im  inf  |E  ||  f  gkdM|  |p| 

k-*=°  K  a*p  k-*=°  Jo  K 

£  C  cP/a  1 im  inf  E  1 1  £  x  .0  -  ] | ^ 

k-*x>  j=1  J  J 

<  Const. 

This  proves  that  g  e  bSg. 

To  show  that  bSg  £  Lg  (in  general)  it  is  enough  to  choose  ctel  and  Banach 
space  B  which  is  not  of  stable  type  a  and  does  not  contain  any  subspace 
isomorphic  to  cq.  Then  by  (b)  bSg  =  Sg  and  S?  £  Lg  (cf.  [18]). 


> 


» 


> 


I 


» 


t 


i 

! 


i 


16 


5.  Modification  of  the  kernel  of  a  stochastic  integral  process. 


In  this  section  we  shall  study  processes  X(t),  t  e  T  which  sample  paths 
X(*,w)  belong  to  a  separable  Banach  space  V(T)  of  functions  defined  on  T.  Let 
Cy  be  the  cylindrical  o-field  of  V(T)  i.e.  the  smallest  o-field  of  subsets 
of  V(T)  such  that  all  evaluations:  6^:  V(T)  -*  ]R  ,  where  <x,6t>  =  x(t). 


x  <■-  V(T),  t  £  T,  are  measurable.  The  equality 


(5.1) 


CT  =  Borel  ( V ( T) ) 


is  necessary  and  sufficient  for  regarding  stochastic  processes  with  sample  paths 

in  V ( T)  as  Borel  measurable  random  elements  in  V(T).  Observe  that  the  inclusion 

CT  c  Borel  (V(T))  implies  that  every  evaluation  6^  is  Borel  measurable,  and 

since  6t  is  linear,  Banach  theorem  yields  that  6t  is  continuous.  Conversely,  if 

all  evaluations  6t>  t  e  T  are  continuous,  then  (5.1)  holds.  Indeed,  since 

evaluations  separate  points  in  V(T)  one  can  easily  deduce  from  Hahn-Banach 

theorem  (see  e.g.  [24],  Sec. 2,  Chap. 2)  that  the  set  W={Er)_1a.6  :a  .elR  ,t  .eT,n>l } 

J  ~  '  J  *  j  J  J 

is  dense  in  [V(T)]'  with  respect  to  the  weak-star  topology.  Since  V(T)  is 
separable,  W  is  also  sequentially  weak-star  dense  in  [V(T)]>  and  consequently, 
every  functional  x1  e  [V (T) ] '  is  Cy-measurable.  Again  by  separability  of 

V(T)  we  get  that  Sore!  (V(T))  c  CT.  Therefore  (5.1)  is  equivalent  to  the 
assumption  that  all  evaluations  x  -*•  x(t)  are  continuous. 


Theorem  5.1.  Let  V(T)  be  a  se^xuiable  S anach  space  o {  unction s  defined 
on  T  such  that  aJUL  evaluations  x  -*■  x(t)  asie  continuous.  Assume  that  the 
SaS  stochastic  process 


X(t)  =  j  h(t,s)  dM(s),  t  €  T, 


lieu  a  modification  XQ  with.  Aampie  path*  i n  V(T),  wheAe  h:  TxS  ■>  R  -La  Auch 

that  h(t,«)  e  La(S,6(A) ,m)  fon  zvcay  te  T. 

Then  thent  cxiAtA  a  function  hQ:  TxS  -+  F  Auch  that 

(i)  fan  eveay  s  e  S  h  (•  ,s)  e  V(T); 

(in)  i (oa  cvcay  tel  ho(t,»)  =  h(t,*}  m -aZmoAt  eveAywheae  on  S; 

(iii)  foa  cvtfiy  x1  e  [V(T)]' 

<X  (•  ,to),x’>  =  <h  (•  ,s)  ,x' >  dM(s) (w) , 

0  0 

fo>i  almoAt  all  u>  e  Q. 

Proof.  The  proof  is  divided  in  three  parts. 

Claim  1 .  Assume  that  T  is  a  compact  metric  space  and  V(T)  =  C(T)  is  the 
space  of  all  continuous  functions  on  T  with  the  supremum  norm.  Then  the 
conclusion  of  Theorem  5.1  is  true. 

Proof  of  claim  1 .  Let  0  be  a  finite  subset  of  TxT.  First  we  shall  show 

that 

(5.2)  j  max  (|h(t|,s)  -  h(t2>s)|a:  (t-j.tg)  e  D)  dm(s) 

<  C(E  max  { [XCt-, )  -  X(t2)|p:  (trt2)  «  D))a/p, 

where  C  =  C(a,p)  and  p  e  (0,a). 

Indeed,  let  us  define  an  SaS  random  vector  in  F°  by 


Y  •  ((X(tn )  -  X(t2)) }^tl ,t2)eD 

and  consider  as  a  Banach  space  with  the  norm  j|a(|  =  max{  | a ( t^  ,t2)  | : 
(t-j,t2)  €  D}.  Then  for  every  be  F^  we  have 
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E  exp(i  <Y,b>)  =  E  exp  {i£  b( t1 , t2)  [Xft^)  -  X(t2)]} 


=  E  exp  (i 


Ib(trt2)  [h(trs)  -  h(t2,s)]  dM(s) } 


=  exp  (- 


I <f ( s ) ,b>|a  dm(s) ) , 


where  f:S  ->  F  ,  f(s)  =  {(h(tj,s)  -  h(t2,s))}  t  jgD  .  By  (2.3)  we  get 


||f(s)||a  dm(s))1/a  <  C(E  ||Y||P)1/P 


'S 

which  yields  (5.2) . 

Let  d  be  a  metric  on  T.  For  n=l,2,...  let  T  be  a  finite  1/n  -  net  in  T 

n 

oo 

and  let  T  =  U  T  .  Clearly  T  is  dense  in  T.  Define  for  x:  T  ■*  IR  .  S  >  0  and 
n=l 

neF 


B 


i>n(x)  =  max  ( |  x  ( t-j )  -  x(t2)J:  t^t^T^,  dftj.tg)  <  6} 


and 


<t>6(x)  =  sup  { | x ( t] )  -  x(t2)|:  trt2  e  7m,  d( t1 , t2)  <  6). 
Inequality  (5.2)  applied  for  D  ={(t-|,t2)  e  Tn  x  Tn:  d(t^,t2)  <  6}  yields 


46  n  [h(- ,s)]}a  dm(s)  <  C[  (4>g jr)[X0(*  ,a))]}pdP(w)]a/,p. 

's’  n 

Since  4>5  n[XQ(*  ,u>)]  £  2  sup  |  Xri(t,w)  |  =2  j  |  Xn(*  ,w)  1 1  letting  n  -*•  «>  we  obtain 


tcT 


4^[h(-,s)]}u  dm(s)  <  C[  {4>5[Xo( •  ,w)])PdP(co)]a/p 


and  since  sample  paths  of  XQ  are  continuous  we  get 


9 


19 


I 


(5.3)  lim  <t>  Jh(-  ,s)]  =  0 

H° 

for  m-almost  all  seS.  Let  SeS.  If  (5.3)  holds  then  h(',s)  is  uniformly 
continuous  on  T  and  there  is  unique  continuous  function  h  (*,s)  defined  on 
T  which  is  equal  to  h(*,s)  on  T  .  If  (5.3)  fails,  then  we  put  h  (t,s)  =  0 

°o  0 

for  all  tcT.  Therefore  hQ(*,s)  <  C(T)  for  all  SeS  and  h0(t,*)  =  h(t,*) 
m-almost  everywhere  for  every  teT^.  By  stochastic  continuity  of  X  and  contin¬ 
uity  of  t  *  h  (t,s)  for  every  seS  we  get  ( i i )  for  every  teT.  Clearly  (iii) 

0  n 

is  satisfied  for  all  x’sof  the  form  x1  =  \  a.6t  .  Since  such  functionals  are 

j=l  J 

I 

sequentially  weak-star  dense  in  [V(T)]  (iii)  follows. 

Claim  2.  Assume  that  V(T)  is  a  closed  subspace  of  C(T),  where  T  is 
a  compact  metric  space.  Then  the  conclusion  of  Theorem  5.1  holds. 

Proof  of  claim  2.  By  claim  1  there  exists  a  function  hQ  such  that 
h0(-,s)  e  C(T) ,  (ii)  and  (iii)  hold  ((iii)  for  every  x’  e  [C(T) ]  ).  Let 

[V(T)]1  =  { x ‘  e  [C(T)]  :  <x,x’>  =  0  for  all  x  e  V (T) > . 

For  every  x’  e  [V(T)]1  we  have 

C  a.s. 

<h  (• ,s),x’>dM(s)  =  <X  (*,*), x’>  =  0. 

js  o  o 

Therefore  <h0(*,s),x‘>  =  0  for  m-almost  every  SeS  and  every  x’  e  [V(T)]'L. 

Let  r  be  a  countable  weak-star  dense  subset  of  [V(T)]1.  Define 

SQ  =  (SeS:  <hQ(*  ,s),x’>  =  0  for  all  x’  e  r). 

Then  m(S\S0)  =  0  and  for  every  s  e  SQ  hQ(*,s)  c  V ( T ) .  Thus  a  function  h^ 


» 


I 


» 


» 


i 


» 


» 


» 
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defined  by  h^(-,s)  =  hQ(*  ,s)  for  seS0  and  ^  , s )  5  0  for  s  i  SQ  fulfills  (i), 
(ii)  and  (iii)  of  Theorem  2.1. 


Proof  of  the  theorem  in  general .  Let  U'  =  {x1  e  [V(T)]  :  ||x'||  <  1}. 

U'  equipped  with  the  relative  weak-star  topology  is  a  metrizable  compact 

space.  Let  4>:  V(T)  -►  C(U')  be  defined  by  [>(x)J  (x‘)  =  <x,x‘>,  x  e  V ( T ) 

and  x'  e  LI’.  It  is  easy  to  check  that  $  is  an  isometric  linear  injection  of 

V ( T )  into  CI.U').  Put  V ( U ' )  =  <HV(T)].  Since  the  mapping  fi  a  u,  -*■  X  (•  ,w)eV(T) 

is  Borel  measurable  we  obtain  that  Y:  Q  ->  V(U')  defined  by  Y(*,ui)  =  4>LXq(*  ,w)] 

is  also  Borel  measurable.  Therefore  Y(x',*),  x‘  el)'  is  a  stochastic  process 

with  continuous  sample  paths  belonging  to  V(U').  Let  W  be  the  set  of  all 

linear  combinations  of  6’s.  By  the  discussion  preceeding  Theorem  5.1,  for  every 

r  k 

x‘  f  U’  there  exists  { x ’ }  c  W  n  U',  x'  =  I,n..a  .6.  ,  such  that  <x,x‘>  -+  <x,x'> 

n  n  j=l  nj  t^  n 

for  every  x  e  V(T).  Therefore 


Y(x '  ,* )  =  lim  Y ( x^ , * )  =  lim  <Xq(  • ,  •}  ,x^> 
n-x»  n 


■  £ 


=  lim  cy  a  .h(t  ,s)]  dM(s) 
S  j=l 


a.s.,  where  the  first  equality  holds  point-wise  by  continuity  of  sample  paths  of 
k 

Y.  Thus  Tn  a  .h(t  .,•)  converge  in  La(S,o(A)  ,m)  to  some  function  q(x',*)  and 
j=l  nJ  nj 


Y  ( x 1 


x 1 ,  s )  dM ( s ) 


a.s. 


**■»*'»  T  mj*m  im 


we  have 
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for  every  x’  cl)'.  Moreover  g(a6^,*)  =  ah(t,*)  m-almost  everywhere  on  S, 
provided  a6.  c  U'.  According  to  claim  2  there  exists  q  (x',s)  such  that 

L  0 

g0(*  ,s)  e  V(U')  for  all  s  c  S  and  g  (x1,*)  =  g(x',*)  m-almost  everywhere  for 
every  x 1  e  U 1 . 

Define  a  Bore!  measurable  function  6:  S  -*•  V ( U 1 )  by  [G(s)](x')  =  q  (x',s) 
and  H:S  -  V (T)  by  H  =  4>_1oG.  Let  h  (t,s)  =  <H(s),6t>.  Clearly  (i)  is  ful¬ 
filled.  To  show  (ii)  let  t  e  T  and  let  a  >  0  be  such  that  aS^.  cU1.  Since 
H(s)  =  4>~^[G(s)]  if  and  only  if  <H(s),x'>  =  q  (x',s)  for  all  x'  e  U'  we  obtain 

ahQ(t,s)  =  <H(s),a6t>  =  gQ(a6t,s)  =  g(a6t,s)  =  ah(t,s), 

where  the  last  two  equalities  hold  for  m-almost  all  s  e  S.  (ii)  is  proved, 
(iii)  follows  by  the  weak-star  density  of  W  in  [V ( T ) ] ' .  The  proof  of  Theorem 
5.1  is  complete. 


r 


Corollary  5.2.  Let  XQ  and  hQ  be  06  in  Theorem  5.1.  Then  the  tunctton 
f:  S  ->  V(T)  defined  by  [f(s)](t)  =  hQ(t,s)  betcna  to  S^-q.  In  pan tt cut  an, 

/$  1 1 hQ(*  ,s)  |  )“(T)dm(s)  <  °°.  TuntheA,  faon  eveny  e  >  0  and  p  e  (0,a)  thene  oust 

a  finite,  sequence  {x.}.  ,  c  V(T)  and  patnwa>e  disjoint  t>eXi>  A. , . . .  ,A  e  A  i,uch 

J  J  in 

that 

eiix0(.)  -  xc(-)n;(T)  <  e 

ivhene  X  (t)  =  T"  x.( t)M(A-),  t  €  T. 

J  ’  J  J 

Proof.  Follows  by  (iii)  of  Theorem  5.1  and  Proposition  3.1. 
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6.  A  characterization  of  SaS  processes  with  absolute  continuous  trajectories. 

A  characterization  of  SaS  processes  (1  <  a  <  2)  with  absolute  continuous 
samDle  paths  in  terms  the  so-called  covariation  function  has  been  obtained  by 
Cambanis  and  Miller  in  [3].  We  shall  characterize  SaS  processes  with  above 
sample  path  property  using  the  representing  function  h.  Moreover,  in  our 
case  0  <  a  <  2. 

Let  us  recall  that  a  function  x:  [a,b]  -*  IR  is  absolutely  continuous  if 
for  every  c  >  0  there  exists  a  6  >  0  such  that  for  every  disjoint  family 
f(t  ,uk)}J=1  of  subintervals  of  La,b]  -  x  ( t^ )  j  <  c,  provided 

-  t|J  <  6.  Then  x  is  absolutely  continuous  if  and  only  if  there  exists 
x  e  L^[a,b]  such  that 

fu 

x(u)  =  x(a)  +  I  x(t)dt 

U 

for  every  a  £  u  <_  b.  Every  absolutely  continuous  function  x  is  differentiable 
almost  everywhere  and  ^  =  x  almost  everywhere  on  [a,b],  Let  ACn  [a,b]  be  the 
space  of  all  absolutely  continuous  functions  on  [a,b]  whose  derivatives  are 
integrable  in  the  p-th  power,  p  >  1. 

Let 

X ( t )  =  h(t,s)dM(s),  t  ••  [ a , b] 

>S 

be  an  SaS  process,  where  M  is  an  SaS  random  measure  defined  on  a  ^-ring  of  subsets 
of  S  and  with  the  control  measure  m.  As  before  h  is  a  deterministic  function 
such  that  h(t,*)  ■  L  ' ( S ,  ^ ( A ) ,m)  for  every  t  [a,b]. 


Theorem  6.1.  X  ha s  a  •»«•«/ / Ucaticn  tc<  C:  sanv p('c  paths  mi  AC^[a,b]  ii  atul 


23 


C  =  C(  .  ,p) . 


Proof.  Since  /.(f^)  =  T(£)  we  have  for  every  t  >  0 


(6.1)  t~aE  |C|a  -  1  <  l  P(  | Ci I  >  tjl/a)  <  t"a  E  |£|a. 
i  J  J 


Therefore  E  |e|a  <  °°  is  a  necessary  condition  for  the  a.s.  convergence  of 
-1  /a 

T.  j  C-.  The  sufficiency  follows  from  (6.1)  and  the  following  estimates  for  every  t>0 


I  t(j"1/a  ^KUJ  <tj1/a))2  =  l  j'2/a  E  Kl2  I(UI  £  tj1/a) 

i  J  J  A 


- E  ur  I  iaj 

j>  ie/tja 


;-2/a 


(6.2) 


<  m  c( 


a  -2/a 


)  +  ( 


,1-2/a. 


=  XT  (1  +  E 

2  -  a 


)• 


To  estimate  the  moments  of  \  j"1//oiT,.  we  use  Corollary  3.4  in  Gine  and  Zinn 

J 

[8]  which  gives 


(6.3)  E|£,f1/ar.|p  „  E  sup  |j_1/%|P  +  ll  E(j'1/ae.I(|e.|<6j1/a)) 

j  J  C  j  J  j  J  J  - 


2]P/2, 


where  6  =  inf  {t  >  0:  E  P(|e|  >  tj1/a)  <  8"1 32vp)  and  C  =  C(p),  p>0. 
By  (6.1)  we  get 


(6.4) 


6  -  (E  |e|a)1/a  with  C  =  C(a ,p) 
C 


To  obtain  bounds  for  the  first  term  on  the  right  side  of  (6.3)  we  utilize 
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Lemma  3.2  in  [8]  which  yields 
(6.5) 

where  C  =  C(p)  and 


esup 


Ra,p  =  E  E I J  1  /a£ j 1  (  Ujl  >  6JVa)lP 
j 


=  £|5|PI  j 

j<  j  C/6 |a 


-p/a 


Since  for  every  x  >  0  (1  -r)~^(x^ "r-l )  £  £  j  r  <_  1  +  (1-r)  ^x1  r-l) 

j<x 

provided  r  f  1  and  r  >  0  we  get  for  r  =  p/a  1  1 


R  <  EU|P{1  +  (1  -  P/a)-1[( 

a ,  p  — 


a  1-p/a 
)  -  1]} 


<  — E—  E|ClP  +  TqT^~pT  ^P_<X  E|C|a 

|a  -  p| 


and 


R  >  - - -  E  |£|P  -  j— a— — i  6P_a  E|c|a 

a,P  -  |a  .  p|  I «  -  Pi 


Above  estimates  in  conjunction  with  (6.4)  and  (6.5)  give 

(6.6)  E  sup  |j',/“51lP  -  E|5|p  ♦  (E  |5|a)P/<> 

j  3  C 

with  C  =  C(a,p)  and  p  ?  a.  In  the  case  p  =  a  elementary  inequalities 

log+  x  <  l  j-1  <  1  +  log+x,  x  >  0  yield 
j<x 
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E  UT  log+ 


C|a 

*1 


<  R 

—  a, a 


< 


EU|a  (1  +  log+ 


l, 

T 


a 

)• 


Using  (6.4)  and  (6.5)  we  get 

(6.7)  E  sup  |j-1/%|a  -  E  K(a  (1  +  log+  ), 

j  J  C  E  \i\ 

where  C  =  C(a). 

By  (6.2)  for  t  =  6  and  (6.4)  the  second  term  on  the  right  side  of  (6.3) 
is  bounded  from  above  by  C(E  |fja)^a  with  C  =  C(a,p).  Therefore  (6.6)  for 
p  f  a  and  (6.7)  for  p  =  a,  respectively,  in  conjunction  with  (6.3)  conclude 
Lemma  6.2. 

Proof  of  Theorem  6.1.  Clearly  ACp[a,b]  is  a  separable  Banach  space  with 
the  norm 


and  the  evaluations  x  -*■  x(t)  are  continuous  for  every  t  e  [a,b].  By  Theorem 
5.1  there  exists  a  function  hQ  satisfying  (i)  and  (ii)  provided  X  has  a  modifica¬ 
tion  with  sample  paths  in  ACp[a,b].  Then  a  function  f:  S  +  ACp[a,b]  defined 
by  [f(s)J(t)  =  hQ(t,s)  is  Borel  measurable  and  in  view  of  Theorem  5.1  (iii) 

and  Proposition  3.1  f  c  Sa  .  Conversely,  if  f  c  Sa 

ACP[a  ,b]  AC  La,b] 

then  /sf(s)dM(s)  is  a  random  element  in  AC°[a,b]  such  that  XQ(t)  =  </,.fdM,5t>  = 

/shQ(t,s)dM(s)  =  X(t)  a.s.,  i.e.  XQ  gives  a  required  modification  of  X. 

Therefore  X  has  a  modification  with  sample  paths  in  ACp[a,b]  if  and  only  if 

(i),  (ii)  and  f  e  Su  .  Note  also  that  without  loss  of  nenerality  we  may 

ACp[a,b] 

assume  that  h  (a,*)  =  0  (replacing  X  by  X  (t)  =  X(t)  -  X(a)). 

0  a 

By  Theorem  4.2  f  t  Sa  if  and  only  if  f  c  La  and  the  series 

ACp[a,b]  ACp[a,b] 


I 


(it)  converges  in  Lp 
J  J  ft 


ACp[a,b] 


for  some  (each)  q  >  0.  Here  [f(s)](t)  = 


hQ(t,s) | |f(s) | and 


I  |f(s)|  |  =  |h  (a,s) |  +  (fb  -^|  (t,s)|Pdt)1/p  =  (fD|g(t,s)|pdt)Vp, 

U  3t  Ja 

3h  f 

where  g(t,s)  =  Moreover  's  are  i.i.d.  random  elements  in  S  such 

ot  J 

P ( tT  e  A)  =  m^(A)/m^.(S),  A  e  a(A)  and  dm^(s)  =  | |f (s) | |adm(s) .  We  have 
(6.8)  mf(S)  =  J  ||f(s)||a  dm(s)  =  j  (|b|g(t,s) |pdt)a/pdm(s) 


and  m£(S)  <  °°  provided  f  c  Sa  _  .  Further, 

f  ACP[a,b] 


E  MI  j'1/aGif(T^)||P  =  fE  1 1  j‘1/ae.  g(t,x^))|f(x^)|r1|pdt  =  [V(t)dt. 

j=1  J  J  3  j=l  J  J  J  ja 

Since  {un}“=1  is  a  point-wise  increasing  sequence  of  functions  and  for  every  t 

un(t)  >  E|j  j'1/ae.g(t,Tjf)||f(Tjf)|r1|pdt 


as  n,n  ->  by  the  Monotone  Convergence  Theorem  £j”^ae  .f(xt)  converges  in 

d  J 

Lp  if  and  only  if 

ACp[a ,bj 


11m  E||  J  j-1/aET  (xt)|  |p  < 

n-w  j=i  J  J 


%  *.  .%  /.  *.  *\  \  *. 
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Ca^e  a  <  p.  By  Lemma  6.2 

n  i  /  £  _  t  b 


11m  E  HI  r1AV  (t{)Hp-  f  E| gft.xf )  1  |f (tT 

n-voo  J=1  J  J  C  J  1  1 


[mf(S)]‘ 


-1  |P 


|g(t,s) |p| | f ( s ) | |a~p  dm( s)  dt  =  [mf (S)]"1  | |f (s) | |adm(s) 

S 


dt 


a  S 


=  1 


Therefore  the  condition  f  t  l“  is  also  sufficient  for  f  f  Sa 

ACpLa,b]  ACp[a,b] 


Caie  a.  =  p.  By  Lemma  6.2 
n 


11m  E||  l 

n-**>  j=l  j  j 


fu  iP 


c  Cmf(S)] 


-1 


jg(t,s) |amf (S) 


I  |g(t,s}|  [1  +  log+- 

aS  | |f(s) | |a/|g(t,v) |adm 


]  dm(s)  dt 


which  together  with  (6.8)  ends  this  proof. 

Ca6 e  a  >  p.  By  Lemma  6.2 

11m  E  HI  j-,/“EinTt|||P 
n^co  j=l  J  J 

~  [mf(S)]"p/ct[|  |  |g(t,s)  |a  dm(s)]p/a  dt, 
a  S 


which  in  conjunction  with  (6.8)  completes  the  proof  of  Theorem  6.1. 

Remarks: 

Theorem  6.1  with  appropriate  modifications  gives  conditions  for  paths 
to  have  (n-1)  continuous  derivatives  with  the  (n-l)th  derivative  in  ACpLa,b]. 

An  alternative  proof  of  Theeorm  6.1  can  be  obtained  by  an  observation 
that  ACpLa,b]  is  isomorphic  with  1R  x  Lp[a,b]  (x  *  (x(a),^)),  and  by  the  fact 


that  a  full  characterization  of  stable  measures  on  Lp-spaces  is  known  (see 
[18],  [3J  and  [14]  for  p  f  a  and  [27]  for  p  =  a).  The  proof  given  here,  which 
is  a  straightforward  application  of  Theorem  4.2,  uses  the  same  argument  for  all 
cases  of  p  and  a  and  is  self-contained. 

The  following  result  gives  a  full  characterization  of  harmonizable  SaS 
processes  with  absolutely  continuous  sample  paths.  Cambanis  and  Miller  [3], 
using  different  methods,  solved  the  case  a  >  1. 

Corollary  6.3.  Let  M  be  an  SaS  random  meaAuAe  on  the  B oAel  o-algebAa  ofi 
]R  with  the  finite  contAol  meaAuAe  m.  Then  X(t)  =  f°°  e1^:sdM(s),  t  e  [a,b], 

— oo 

haA  a  modification  Mith  Ample  paths  in  ACP[a,b],  1  p  <  °°,  if  and  only  i f 

■CO 

(6.9)  |s|a  dm(s)  <  °°. 

-oo 

Proof.  Since  F  2  and  C  are  isomorphic  Lemma  6.2  can  be  immediately 
extended  to  the  case  of  complex  valued  random,  variables  by  considering 
two-dimensional  random  vectors  instead  of  real  random  variables.  Therefore 
Theorem  6.1  remains  true  when  we  replace  a  real  valued  function  h  by  a  complex 
one.  In  our  case 

h(t.s)  =  eits  and  ^  -  iseits. 

at 

It  is  elementary  to  check  that  in  all  cases  of  p  and  a  Theorem  6.1  yields 
the  same  condition  (6.9). 

Another  important  class  of  stable  processes  which  is  disjoint  from  the 
class  of  harmonizable  ones  (see  Cambanis  and  Soltani  [6]),  is  the  class  of 
SaS  processes  having  the  moving  average  representation. 


Corollary  6.4.  Let  k:  F  ->  F  be  an  absolutety  continuous  function  on 
eveny  finite  intenvaZ  and  such  that  |k(s)|ads  <  °°.  Let 
X(t)  =  k(t-s)dM(s) ,  t  €  F,  whe/ie  M  is  an  SaS  random  measune  defined  on 
BoneZ  bounded  subsets  of  F  with  the  Lebesgue  measure  as  the  contAoZ  measure. 

Then  X  has  a  modification  with  sampZe  paths  in  ACP[a,b]  fon.  eueny 
->"<a<b<«>^^  and  only  if 

f°° 

(k  (u) )adu  <  *  if  a  <  p 

'  -oo  ^ 


|  dk 
ds 


f'  §1“  0  *  log*  r'ffijy)  dsdt  <  -  if  a  •  P 


0  ' "°° 


and 


g|j  ds  <  oo  if  a  >  p, 
u+1 


whene  k  (u)  =  ( 

p 


u 


dk|p  1/p 

a?  ds)  •  u  c  * 


Proof.  Since  X  is  a  strictly  stationary  process  it  is  enough  to  show 
that  { X ( t ) :  t  e  [0,1]}  has  a  modification  with  sample  paths  in  ACp[a,b]  if  and 

only  if  the  above  conditions  hold.  Define  h  (t,s)  =  k(t-s),  t,s  e  F  .  Then 

Sh  dk  °  ^ 

WT~  =  ds  (t-s)  and  ^  easy  to  c*ieck  that  the  condition  p(g^)  <  00 


is  equivalent  to  the  above  conditions  for  k. 


7.  Bounds  for  moments  of  a  double  g-stable  stochastic  integral. 


Let  h:[0,l]  x  [0,1]  F  be  a  jointly  measurable  function  such  that 
h(t,s)  *  0  for  s  >_  t.  Let  M  be  an  SaS  random  measure  on  the  Bore!  o-algebra 
of  [0,1]. 

McConnell  and  Taqqu  [20]  have  proved  that  a  double  stochastic  integral 


fl  fl 

(7.1)  J(h)  =  j  j  h(t,s)dM(s)dM(t) 


0  0 

exists  as  the  limit  in  Lp  (p  <  a)  of  integrals  of  "dyadic"  functions  if  and 
only  if 


(7.2) 


P{ 


h(t,s)dM(s) |a  dt  <  »}  =1 


and  in  this  case 

(7.3)  (E|J(h)|p)Vp  ~  p  (h), 

C  a,p 

where  p  (h)  =  {E[f  |  f1h(t,s)dM(s) |adt]p/a}1/p, 
a’p  > 0  ] 0 


C  =  C(a,p)  and  p  <  a.  Moreover,  p  is  a  complete  norm  (quasi -norm  if  p  <  1) 

Ot  9  P 

on  the  space  of  all  functions  h  such  that  J(h)  exists. 

At  the  same  time  Rosinski  and  Woyczynski  [27]  studied  double  a-stable 
integrals  as  iterated  Ito-type  stochastic  integrals  and  proved  that  the 
finiteness  of 


~  r  1  1  lh(t,s)|a/Lh(u,v)|a  dudv 

(7.4)  N“(h)  =  I  h(t,s)  |a[l  +  log+ — ; - 2- - f - — ~ 

j0J0  /J|h(t,v)|adv  /J |h(u,s)|adu 


]dt  ds 


is  necessary  and  sufficient  for  the  existence  of  J(h)  in  this  sense.  They 
have  proved  also  the  equivalence  of  (7.2)  and  N&(h)  <  <». 


This  shows,  in 
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particular,  that  both  approaches  to  define  a  double  a-stable  integral  are 
equivalent. 

A  natural  problem  which  arises  here  is  the  relation  between  the  norm 

p  _  and  the  functional  N  .  We  shall  prove  that  p  ~N  ,  where  C  =  C(a,p). 
a,p  a  r  a.p^  a 

This  in  conjunction  with  (7.3)  yields  definitive  bounds  for  moments  of  J(h). 


Let  now  h:  [0,1  \  -*  ]R  be  a  jointly  measurable  function  such  that  for  every 
t  e  L0,1]  h(t, •)  e  l?  [0,1].  By  Proposition  6.1  in  [27] 


rl 

X(t)  =  h(t,s)dM(s) ,  t  e  [0,1] 


can  be  defined  as  a  measurable  stochastic  process  and  by  (7.2)  X(*,w)  e  La[0,l]  for 
almost  all  u).  Therefore,  /q  /J| h(t,s) |ads  dt  <  »  (cf.  [28]). 

The  lemma  below  justifies  the  interchanging  of  stochastic  and  usual 
integration  and  for  the  case  a  >  1  has  been  proved  in  L4]  (Theorem  4.6)  and 
in  [20],  Lemma  4.4.  We  give  here  a  simpler  and  shorter  proof  of  this  result. 


f  ■ 


Lemma  7.1.  Let  a  >  1  and  let  h  and  X  be  a- i  above.  Then  ion.  eveAtj 

*  C  -  1) 

(1  ,1  fl 

(7.5)  cp  ( t ;  X  ( t  )dt  =  [  <p(t)h(t,  s  )d  t]dM(  s )  a.s. 

Jn  Jn  Jn 


Proof.  Let  (U.)  be  a  sequence  of  i.i.d.  random  variables  uniformly 

w 

distributed  in  [0,1 J  and  defined  on  an  auxiliary  probability  space  ( SI ' , P 1 ) , 
so  that  { U - >  is  independent  of  (X(t):  t  e  [0,1]}.  For  every  fixed  «  e  fi 

J 

such  that  X(*  ,w)  e  La[0,lj  random  variables  Q' >  w'  ->  cp(U.(a’i'  ))X(U.(oj'  )  ,u>) 

J 

are  i.i.d.  and  E‘  |<J>(U  .)X(U.,w)|  =  /I  |<t>(t)X(t,uj)  |dt  <  ».  Therefore  Kolmogorov's 

J  J  w 
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SLLN  yields  the  P'-a.s.  convergence: 

n  n  fl 

i-  l  <D(U.)XlU.,u>)  -  E ' d> ( U ,  )X(U,  ,w)  =  4>(t)X(t,a0dt. 

n  T-l  J  J  1  1  J 

J-I  0 

By  Fubini's  theorem,  for  almost  all  u>‘  e  ft' 

,  n  fl 

(7.6)  ±  l  4>(U.(u>,))XUMw'),-)  -  <D(t)X(t)dt 

"  j-1  J  J  J0 

P-a.s.  on  fi. 

Define  now  i.i.d.  random  elements  Y.:  -*  La[0,l]  by  [Y.(w')](s) 

J  J 

=  <}>(U  .(to1  ))h(U  .(u)' )  ,s) .  Then 
J  J 


E|!Y.|  |  =  I  ||<f»(t)h(t,.)ll  ar  dt 

J  La[0,l]  La[0,l] 

*  j  [|  |4>(t) |a  |h(t,s)Sads]]/a  dt 
0  0 

=  jVu)!  [jrl|hU,s)|a  ds]1/ct  dt 


<  [f1  |0(t;  |ot,dt31/o'  ,[f1f1  |h(t,s)  I01  dsdt]1 

'  n  L'n 


By  SLLN  in  La[0,l] 


1  n  f1 

i  l  Y.  ->  E‘ Y,  =  4>(t)h(t,» )dt 

'  i=l  J 

J  1  n 


P'-a.s.  Therefore  for  almost  all  w1  e  n' 


\ 


34 


1  ,  n 


(7.7) 


l  l  4>(U  -lu)' )  )X(U -(w1 )  ,* )  =  [I  y  <J>(U  .((.)' )  )h(U  .(a)1 )  ,  s)]dM(s) 
n  j=1  J  J  J  n  j=1  J  J 


1  i  r>  P  r1  ,1 

l~  XY.(u,')]dM-  [  <j>(t)h(t,s)dt]dM(s). 

i  =  l  J  J  J 

0  J  0  0 


Since  there  exists  m1  .  fi'  for  which  both  (7.6)  and  (7.7)  hold  the  proof  is 
compl ete. 


Corollary  7.2.  Lc t  h:  [0,1]  ->  1R  and  X  be  as  in  Lemma  7.1.  Then  the 

'to v  t (i’ll  f:  [0,1]  -*  [‘[0,1]  defined  bij  [f(s)](t)  =  h(t,s)  bet enejj  tc  Sa  and 

,  L  '[0,1  ] 


X  =  f(s)dM(s) ,  a .s. 

Jo 

fl 

Proof.  By  (7.5)  for  every  t  f  ( L  1  [0 , 1 J )  ‘  <X  ,.j->  =  |  <f,<*>>dM  a.s. 


Thus  Proposition  3.1  completes  the  proof. 


Theorem  7.3.  Let  1  <•_  <  <  2  and  p  <  a.  Then  the-te  exists  C  =  C(ct,p) 

v/c!  f/ja f  1  ,•  i //  h 


(ElJ(h) !p)1/p  ;  N  ( h) . 

L>  ~X 


Proof.  In  view  of  (7.3)  it  is  sufficient  to  prove  o  p  N  .  By 

— — -  a ,  p  C  a 


Corollary  7.2  and  Theorem  4.2 


.(h)  =  [E('  X  ( t ) 1  ’dt)p/V/P  =  (EMX||P  )1/p  =  (E||  [ 1  f  dM  |  | P  )1/p 
’  ’0  L x [ 0 , 1 3  '0  l '[0,1 ] 


C  *0 


L  [0,1 ] 


(  f(s);  ;  ’  ds)l/a[l+(E|!  J  T(ef.)W\  )1/o] 

"  '  J  J  L l[0 ,1 1 


Here  /i| |f(s) I |a  ds  =  f\f\ | h(t,s) |adtds  and  by  Lemma  6.2 
0  La[0,1]  °  U 


E  II  l  j-1/ae.f(T^)ir  =  E  f'\  l  j',/aeil|f(T;)||-f;  h(t,T'.)|”dt 

j=l  J  J  La[0,l]  U  j=l  3  3  La[0,l ]  J 


rh  t  ,-1/a 


fx. 


,!  I|fu()irar  |  b(  t  ,t|)  | 01 

:  I  E |  | f  ( t | )  |  | "^  |h(t,T|)  [1  +  log+ -  ,  La-[-°-- - - - 1  dt 

Ci°  L°[0.1]  E||f(,)||- 

L  [0,1] 


I  b( t ,t|) | 


/I  r1  i 

=  (  (  |h(t,s)|adt  ds)'1  N“(h) 

Jo  J0  a 


which  finishes  the  proof. 
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